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Abstrat
By analogy with Carleson's observation on Cardy's formula desribing rossing prob-
abilities for the saling limit of ritial perolation, we exhibit privileged geometries for
Stohasti Loewner Evolutions with various parameters, for whih ertain hitting distribu-
tions are uniformly distributed. We then examine onsequenes for limiting probabilities
of events onerning various ritial plane disrete models.
1 Introdution
It had been onjetured that many ritial two-dimensional models from statistial physis are
onformally invariant in the saling limit; for instane, perolation, Ising/Potts models, FK
perolation or dimers. The Stohasti Loewner Evolution (SLE) introdued by Oded Shramm
in [Sh00℄ is a one-parameter family of random paths in simply onneted planar domains.
These proesses are the only possible andidates for onformally invariant ontinuous limits of
the aforementioned disrete models. See [RohSh01℄ for a disussion of expliit onjetures.
Cardy [Ca92℄ used onformal eld theory tehniques to predit an expliit formula (involving
a hypergeometri funtion) that should desribe rossing probabilities of onformal retangles
for ritial perolation as a funtion of the aspet ratio of the retangle. Carleson pointed out
that Cardy's formula ould be expressed in a muh simpler way by hoosing another geometri
setup, speially by mapping the retangle onto an equilateral triangle ABC. The formula an
then be simply desribed by saying that the probability of a rossing (in the triangle) between
AC and BX for X ∈ [BC] is BX/BC. Smirnov [Smi01℄ proved rigorously Cardy's formula for
ritial site perolation on the triangular lattie and his proof uses the global geometry of the
equilateral triangle (more than the loal geometry of the triangular lattie).
In the present paper, we show that eah SLEκ is in some sense naturally assoiated to some
geometrial normalization in that the formulas orresponding to Cardy's formula an again
be expressed in a simple way. Combining this with the onjetures on ontinuous limits of
various disrete models, this yields preise simple onjetures on some asymptotis for these
models in partiular geometri setups. Just as perolation may be assoiated with equilateral
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triangles, it turns that, for instane, the ritial 2d Ising model (and the FK perolation with
parameter q = 2) seems to be assoiated with right-angled isoseles triangles (beause SLE16/3
hitting probabilities in suh triangles are uniform). Other isoseles triangles orrespond to
FK perolation with dierent values of the q parameter. In partiular, q = 3 orresponds
to isoseles triangle with angle 2pi/3. Similarly, double dimer-models or q = 4 Potts models
(onjetured to orrespond to κ = 4) seem to be best expressed in strips (i.e., domains like
R × [0, 1]), and half-strips (i.e., [0,∞)× [0, 1]) are a favorable geometry for uniform spanning
trees.
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2 Chordal SLE
We rst briey reall the denition of hordal SLE in the upper half-plane H going from 0 to
∞ (see for instane [LawShWer01, RohSh01℄ for more details). For any z ∈ H, t ≥ 0, dene
gt(z) by g0(z) = z and
∂tgt(z) =
2
gt(z)−Wt
where (Wt/
√
κ, t ≥ 0) is a standard Brownian motion on R, starting from 0. Let τz be the rst
time of explosion of this ODE. Dene the hull Kt as
Kt = {z ∈ H : τz < t}
The family (Kt)t≥0 is an inreasing family of ompat sets in H; furthermore, gt is a onformal
equivalene of H\Kt onto H. It has been proved ([RohSh01℄, see [LawShWer02℄ for the ase
κ = 8) that there exists a ontinuous proess (γt)t≥0 with values in H suh that H\Kt is the
unbounded onneted omponent of H \ γ[0,t], a.s. This proess is the trae of the SLE and it
an reovered from gt (and therefore from Wt) by
γt = lim
z∈H→Wt
g−1t (z)
For any simply onneted domain D with two boundary points (or prime ends) a and b, hordal
SLEκ in D from a to b is dened as K
(D,a,b)
t = h
−1(K(H,0,∞)t ), where K
(H,0,∞)
t is as above, and
h is a onformal equivalene of (D, a, b) onto (H, 0,∞). This denition is unambiguous up to
a linear time hange thanks to the saling property of SLE in the upper half-plane (inherited
from the saling property of the driving proess Wt).
3 A normalization of SLE
The onstrution of SLE relies on the onformal equivalene gt of H\Kt onto H. As H has
non-trivial onformal automorphisms, one an hoose other onformal mappings. The original
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gt is natural as all points of the real line seen from innity play the same role (hene the
driving proess (Wt) is a Brownian motion). Other normalizations, suh as the one used in
[LawShWer01] may prove useful for dierent points of view.
A by-produt of Smirnov's results ([Smi01℄) is the following: let κ = 6, and F be the on-
formal mapping of (H, 0, 1,∞) onto an equilateral triangle (T, a, b, c). Let ht be the onformal
automorphism of (T, a, b, c) suh that ht(F (Wt)) = a, ht(F (gt(1))) = b, ht(c) = c. Then, for any
z ∈ H, ht(F (gt(z))) is a loal martingale. Our goal in this setion is to nd similar funtions
F for other values of κ.
Reall the denitions and notations of setion 2. For t < τ1, onsider the onformal mapping
of H\Kt onto H dened as:
g˜t(z) =
gt(z)−Wt
gt(1)−Wt
so that g˜t(∞) =∞, g˜t(1) = 1 and g˜t(γt) = 0, where γt is the SLE trae.
Notie that if F is an holomorphi map D → C and (Yt)t≥0 is a D-valued semimartingale,
then (the bivariate real version of) It's formula yields:
dF (Yt) =
dF
dz
dYt +
1
2
d2F
dz2
d〈Yt〉
where the quadrati ovariation 〈., .〉 for real semimartingales is extended in a C-bilinear fashion
to omplex semimartingales:
〈Y1, Y2〉 = (〈ℜY1,ℜY2〉 − 〈ℑY1,ℑY2〉) + i(〈ℜY1,ℑY2〉+ 〈ℑY1,ℜY2〉)
so that d〈Ct〉 = 0 for an isotropi omplex Brownian motion (Ct). The setup here is slightly
dierent from onformal martingales as desribed in [RevYor94℄.
In the present ase, one gets:
dg˜t(z) =
[
2
g˜t(z)
− 2g˜t(z) + κ(g˜t(z)− 1)
]
dt
(gt(1)−Wt)2 + (g˜t(z)− 1)
dWt
gt(1)−Wt
For notational onveniene, dene wt = g˜t(z). After performing the time hange
u(t) =
∫ t
0
ds
(gs(1)−Ws)2
one gets the autonomous SDE:
dwu = (wu − 1)
[
κ− 2
wu
(1 + wu)
]
du+ (wu − 1)dW˜u
where (W˜u/
√
κ)u≥0 is a standard Brownian motion.
Let us take a loser look at the time hange. Let Yt = gt(1)−Wt; then, dYt = −dWt+2dt/Yt,
so that (Yt/
√
κ)t≥0 is a Bessel proess of dimension (1 + 4/κ). For κ ≤ 4, this dimension is not
smaller than 2, so that Y almost surely never vanishes (see e.g. [RevYor94℄); moreover, a.s.,∫ ∞
0
dt
Y 2t
=∞
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Indeed, let Tn = inf{t > 0 : Yt = 2n}. Then, the positive random variables (
∫ Tn+1
Tn
dt/Y 2t , n ≥
1) are i.i.d. (using the Markov and saling properties of Bessel proesses). Hene:
∫ ∞
0
dt
Y 2t
≥
∞∑
n=1
∫ Tn+1
Tn
dt
Y 2t
=∞ a.s.
So the time hange is a.s. a bijetion from R+ onto R+ if κ ≤ 4.
When κ > 4, the dimension of the Bessel proess Y is smaller than 2, so that τ1 <∞ almost
surely. In this ase, using a similar argument with the stopping times Tn for n < 0, one sees
that ∫ τ1
0
dt
Y 2t
=∞
Hene, if κ > 4, the time hange is a.s. a bijetion [0, τ1)→ R+.
We onlude that for all κ > 0, the stohasti ow (g˜u)u≥0 does almost surely not explode
in nite time.
We now look for holomorphi funtions F suh that (F (wu))u≥0 are loal martingales. As
before, one gets:
dF (wu) =
[
F ′(wu)(κ− 2
wu
(1 + wu)) +
κ
2
F ′′(wu)(wu − 1)
]
(wu − 1)du+ F ′(wu)(wu − 1)dW˜u
Hene we have to nd holomorphi funtions dened on H satisfying the following equation:
F ′(w)
[
κ− 2
w
(1 + w)
]
+ F ′′(w)
κ
2
(w − 1) = 0
The solutions are suh that
F ′(w) ∝ wα−1(w − 1)β−1,
where {
α = 1− 4
κ
β = 8
κ
− 1
For κ = 4, F (w) = log(w) is a solution.
4 Privileged geometries
In this setion we attempt to identify the holomorphi map F depending on the value of the κ
parameter.
• Case 4 < κ < 8
Using the Shwarz-Christoel formula [Ahl79℄, one an identify F as the onformal equiv-
alene of (H, 0, 1,∞) onto an isoseles triangle (Tκ, a, b, c) with angles aˆ = cˆ = αpi =
(1 − 4
κ
)pi and bˆ = βpi = ( 8
κ
− 1)pi. Speial triangles turn out to orrespond to speial
values of κ. Thus, for κ = 6, one gets an equilateral triangle, as was foreseeable from
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Smirnov's work ([Smi01℄). For κ = 16
3
, a value onjetured to orrespond to FK perola-
tion with q = 2 and to the Ising model, one gets an isoretangle triangle.
Sine F (H) is bounded, the loal martingales F (g˜t∧τ1(z)) are bounded (omplex-valued)
martingales, so that one an apply the optional stopping theorem. We therefore study
what happens at the stopping time τ1,z = τ1 ∧ τz. There are three possible ases, eah
having positive probability: τ1 < τz, τ1 = τz and τ1 > τz. Clearly, limtրτz(gt(z)−Wt) = 0,
and on the other hand (gt(z) −Wt) is bounded away from zero if t stays bounded away
from τz. Reall that
g˜t(z) =
gt(z)−Wt
gt(1)−Wt
So, as t ր τ1,z, g˜t(z) → ∞ if τ1 < τz and g˜t(z) → 0 if τz < τ1. In the ase τ1 = τz = τ ,
the points 1 and z are disonneted at the same moment, with γτ ∈ ∂H. As t ր τ ,
the harmoni measure of (−∞, 0) seen from z tends to 0; indeed, to reah (−∞, 0), a
Brownian motion starting from z has to go through the straits [γt, γτ ] the width of whih
tends to zero. At the same time, the harmoni measures of (0, 1) and (1,∞) seen from
z stay bounded away from 0. This implies that g˜t(z) tends to 1, as is easily seen by
mapping H to strips.
Now one an apply the optional stopping theorem to the martingales F (g˜t∧τ1,z(z)). The
mapping F has a ontinuous extension to H, hene:
F (z) = F (0)P(τz < τ1) + F (1)P(τz = τ1) + F (∞)P(τz > τ1)
Thus:
Proposition 1.
The baryentri oordinates of w = F (z) in the triangle Tκ are the probabilities of the
events τz < τ1, τz = τ1, τz > τ1.
Dene T 0 = {w ∈ Tκ : τz < τ1}, T 1 = {w ∈ Tκ : τz = τ1}, T∞ = {w ∈ Tκ :
τz > τ1}, whih is a random partition of Tκ. These three sets are a.s. borelian; indeed,
T∞ = F (H\Kτ1) is a.s. open, and T 0 =
⋃
t<τ1
Kt is a.s. an Fσ borelian. The integral of
the above formula with respet to the Lebesgue measure on Tκ yields:
Corollary 1.
The following relation holds:
E(A(T 0)) = E(A(T 1)) = E(A(T∞)) = A(Tκ)
3
where A designates the area.
Another easy onsequene is a Cardy's formula for SLE.
Corollary 2 (Cardy's Formula).
Let γ be the trae of a hordal SLEκ going from a to c in the isoseles triangle Tκ,
4 < κ < 8. Let τ be the rst time γ hits (b, c). Then γτ has uniform distribution on (b, c).
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0 ∞
T 0
F (γτ1)
1
βpi
T∞
T 1
αpi αpi
Figure 1: The random partition
One an translate this result on the usual half-plane setup.
Corollary 3. Let γ be the trae of a hordal SLEκ going from 0 to ∞ in the half-plane,
and γτ1 be the rst hit of the half-line [1,∞) by γ. Then, if 4 < κ < 8, the law of 1/γτ1
is that of the beta distribution B(1− 4
κ
, 8
κ
− 1).
It is easy to see that, the law of γτ1 onverges weakly to δ1 when κ ր 8. This is not
surprising as for κ ≥ 8, the SLE trae γ is a.s. a Peano urve, and γτ1 = 1 a.s.
• Case κ = 4
In this ase, F (w) = log(w) is a solution. One an hoose a determination of the loga-
rithm suh that ℑ(log(H)) = (0, pi). Then ℑ(log(g˜t(z))) = arg(g˜t(z)) is a bounded loal
martingale. Let Hr (resp. Hl) be the points in H left on the right (resp. on the left) by
the SLE trae (a preise denition is to be found in [Sh01℄). If z ∈ Hl, the harmoni
measure of g−1t ((Wt,∞)) seen from z in H\γ[0,t] tends to 0 as t → ∞ = τz. This implies
that the argument of g˜t(z) tends to pi. For z ∈ Hr, an argument similar to the ase
4 < κ < 8 shows that g˜t(z) → 1. Hene, applying the optional stopping theorem to the
bounded martingale arg(g˜t(z)), one gets:
arg(z) = 0× P(z ∈ Hr) + piP(z ∈ Hl)
or P(z ∈ Hl) = arg(z)/pi, in aordane with [Sh01℄.
• Case κ = 8
Let F (z) =
∫
w−
1
2 (w − 1)−1dw; F maps (H, 0, 1,∞) onto a half-strip (D, a,∞, b). One
may hoose F so that F (H) = {z : 0 < ℜz < 1,ℑz > 0}. Then F (∞) = 0 and F (0) = 1.
Moreover, ℜF (g˜t(z)) is a bounded martingale. In the ase κ ≥ 8, it is known that τ1 <∞,
τz < ∞, and τ1 6= τz a.s. if z 6= 1 (see [RohSh01℄). Hene, if τ = τ1 ∧ τz, g˜τ(z) equals 0
6
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Figure 2: F (H), ase κ = 4: slit
or ∞, depending on whether τz < τ1 or τz > τ1. Applying the optional stopping theorem
to the bounded martingale ℜF (g˜t(z)), one gets:
P(τz < τ1) = ℜF (z)
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Figure 3: F (H), ase κ = 8: half-strip
• Case κ > 8
In this ase, one an hoose F so that it maps (H, 0, 1,∞) onto (D, 1,∞, 0) where
D =
{
z : ℑz > 0, 0 < arg(z) <
(
1− 4
κ
)
pi,
4
κ
pi < arg(z − 1) < pi
}
Then F (H) is not bounded in any diretion, preventing us from using the optional stopping
theorem.
• Case κ < 4
7
      
     
     
     
     
     
     
     
     
     









     
     
     
     
     
     
     
     
     









1
∞
(1− 4/κ)pi
1
0
Figure 4: F (H), ase κ > 8
If κ ≥ 8/3, one an hoose F so that it maps (H, 0, 1,∞) onto (D,∞, 0,∞), where
D =
{
z : ℑz < 1,−
(
4
κ
− 1
)
pi < arg(z) <
4
κ
pi
}
For κ = 8/3, one gets a slit half-plane. For κ < 8/3, the map F eases to be univalent.
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Figure 5: F (H), ase 8
3
≤ κ ≤ 4
5 Radial SLE
Let D be the unit disk. Radial SLE in D starting from 1 is dened by g0(z) = z, z ∈ D and
the ODEs:
∂tgt(z) = −gt(z)gt(z) + ξ(t)
gt(z)− ξ(t)
where ξ(t) = exp(iWt) and Wt/
√
κ is a real standard Brownian motion. The hulls (Kt) and
the trae (γt) are dened as in the hordal ase ([RohSh01℄). Dene g˜t(z) = gt(z)ξ
−1
t , so that
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g˜t(0) = 0, g˜(γt) = 1, where (γt) is the SLE trae. One may ompute:
dg˜t(z) = −g˜t(z) g˜t(z) + 1
g˜t(z)− 1dt+ g˜t(z)(−idWt −
1
2
κdt)
The above SDE is autonomous. As before, one looks for holomorphi funtions F suh that
(F (g˜t(z)))t≥0 are loal martingales. A suient ondition is:
F ′(z)
(
−z z + 1
z − 1 −
κ
2
z
)
− κ
2
F ′′(z)z2 = 0
i.e.,
F ′′(z)
F ′(z)
=
(
2
κ
− 1
)
1
z
− 4
κ
1
z − 1 .
Meromorphi solutions of this equation dened on D exist for κ = 2/n, n ∈ N∗. For κ = 2,
F (z) = (z − 1)−1 is an (unbounded) solution.
6 Related onjetures
In this setion we formulate various onjetures pertaining to ontinuous limits of disrete
ritial models using the privileged geometries for SLE desribed above.
6.1 FK perolation in isoseles triangles
For a survey of FK perolation, also alled random-luster model, see [Gri97℄. We build on a
onjeture stated in [RohSh01℄ (Conjeture 9.7), aording to whih the disrete exploration
proess for ritial FK perolation with parameter q onverges weakly to the trae of SLEκ for
q ∈ (0, 4), where the following relation holds:
κ =
4pi
cos−1(−√q/2)
Then the assoiated isoseles triangle Tκ has angles aˆ = cˆ = cos
−1(
√
q/2), bˆ = pi − 2aˆ. Let Γn
be a disrete approximation of the triangle Tκ on the square lattie with mesh
1
n
; all verties
on the edges (a, b] and [b, c) are identied. Let Γ†n be the dual graph. The disrete exploration
proess β runs between the opened onneted omponent of (a, b] ∪ [b, c) in Γn and the losed
onneted omponent of (a, c) in Γ†n.
Conjeture 1. Cardy's Formula
Let τ be the rst time β hits (b, c). Then, as n tends to innity (i.e. as the mesh tends to zero),
the law of βτ onverges weakly towards the uniform law on (b, c).
Kenyon [Ken02℄ has proposed an FK perolation model for any isoradial lattie, in partiular
for any retangular lattie. Let κ, q and α be as above, i.e. 4 < κ < 8, 4pi
κ
= cos−1(−√q/2)
and α = 1 − 4
κ
. Consider the retangular lattie Z cosαpi + iZ sinαpi. Then isoseles triangles
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homotheti to Tκ naturally t in the lattie (see gure 6). Let Γ = (V,E) be the nite graph
resulting from the restrition of the lattie to a (large) Tκ triangle, with appropriate boundary
onditions. A onguration ω ∈ {0, 1}E of open edges has probability:
pΓ(ω) ∝ qk(ω)νeh(ω)h νev(ω)v
where k(ω) is the number of onneted omponents in the onguration, and eh (resp. ev) is the
number of open horizontal (resp. vertial) edges. The weights νh, νv are given by the formulas:
νv =
√
q
sin(2α2pi)
sin(α(1− 2α)pi)
νh =
q
νv
αpi
Figure 6: Retangle lattie, dual graph and assoiated isoseles triangle
For this model, one may onjeture Cardy's formula as stated above. Note that for q = 2,
κ = 16
3
, one retrieves the usual ritial FK perolation on the square lattie.
Let us now fous on the integral values of the q parameter. It is known that for these values
there exists a stohasti oupling between FK perolation and the Potts model (with parameter
q) (see [Gri97℄).
• q = 1
In this ase FK perolation is simply perolation, κ = 6, and the privileged geometry is
the equilateral triangle. This orresponds to Carleson's observation on Cardy's formula.
• q = 2
Here κ = 16
3
, and Tκ is an isoretangle triangle. As there is a stohasti oupling between
FK perolation with parameter q = 2 and the Ising model (Potts model with q = 2), this
suggests that the isoretangle triangle may be of some signiane for the Ising model.
• q = 3
The orresponding geometry is the isoseles triangle T 24
5
, whih has angles aˆ = cˆ = pi
6
,
bˆ = 2pi
3
. The possible relationship with the q = 3 Potts model is not lear, as this model
is not naturally assoiated with an exploration proess.
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Figure 7: Disrete exploration proess for FK perolation (q = 2, κ = 16
3
)
6.2 UST in half-strips
It is proved in [LawShWer02℄ that the saling limit of the uniform spanning trees (UST) Peano
urve is the SLE8 hordal path. Let Rn,L be the square lattie [0, n]× [0, nL], with the following
boundaries onditions: the two horizontal ars as well as the top one are wired, and the bottom
one is free. In fat, as we will onsider the limit as L goes to innity, one may as well onsider
that the top ar is free, whih makes the following lemma neater. We onsider the uniform
spanning tree in Rn,L. Let w be a point of the half-strip {z : 0 < ℜz < 1,ℑz > 0}, and wn an
integral approximation of nw. Let a ∈ [0, n] be the unique triple point of the minimal subtree
T ontaining (0, 0), (n, 0) and wn, and let b be the other triple point of the minimal subtree
ontaining (0, 0), (n, 0), wn and (0, nL). One an formulate the following easy onsequene of
the identiation of the saling limit of the UST:
Lemma 1.
The following limits hold:
lim
n→∞
lim
L→∞
PRn,L(b belongs to the oriented ar [0, a] ∪ [a, wn] in T ) = ℜw
lim
L→∞
lim
n→∞
PRn,L(b belongs to the oriented ar [0, a] ∪ [a, wn] in T ) = ℜw
Let us larify the alternative (up to events of negligible probability): either b belongs to the
(oriented) ar [0, a]∪[a, wn], or to the (oriented) ar [wn; a]∪[a, 1]. Reall that we have omputed
P(τF−1(w) > τ1) = ℜw for a hordal SLE8 going from 0 to 1 in the half-strip (in aordane with
earlier onventions, subsripts refer to points in the half-plane, not in the half-strip). As this
path is identied as the saling limit of the UST Peano urve (start from 0 and go to 1 with
the UST rooted on the bottom always on your right-hand), the event {τ1 < τF−1(w)} appears
as a saling limit of an event involving only the subtree T . If one removes the ar joining a to
11
iLn, wn is either on the left onneted omponent or on the right one depending on whether
wn is visited by the exploration proess before or after the top ar, up to events of negligible
probaility.
a
0
n
wn
b
(0,Ln)
a
0
n
(0,Ln)
wn
b
Figure 8: The alternative
In fat, one an prove the lemma without using the ontinuous limit for UST. Indeed, let
w†n be a point on the dual grid standing at distane
√
2
2
from wn. Then, as n tends to innity,
PRn,L(b belongs to the ar [0, a] ∪ [a, wn] in T )
−PR†
n,L
(w†n is onneted to the right-hand boundary in the dual tree)→ 0
Aording to Wilson's algorithm [Wil96℄, the minimal subtree in the dual tree onneting
w†n to the boundary has the law of a loop-erased random walk (LERW) stopped at its rst hit
of the boundary. The probability of hitting the right-hand boundary or the left-hand boundary
for a LERW equals the orresponding probability for a simple random walk. The ontinuous
limit for a simple random walk with these boundary onditions is a Brownian motion reeted
on the bottom of the half-strip; as the harmoni measure of the right-hand boundary of the
whole slit {0 < ℜz < 1} seen from w†n is ℜw + o(1), this proves the lemma.
6.3 Double domino tilings in plane strips
For an early disussion of the double domino tiling model, see [RagHenAro97℄. It is onjetured
that the saling limit of the path arising in this model is the SLE4 trae (see [RohSh01℄,
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Problem 9.8). Building on Kenyon's work [Ken97, Ken00℄, we show that the ontinuous limit
of a partiular disrete event is ompatible with the SLE4 onjeture.
Figure 9: Double domino tilings and assoiated path
Consider the retangle Rn,L = [−nL, nL+1]× [0, 2n+1] (it is important that the retangle
have odd length and width). Remove a unit square at the orner (−nL, 0) or (nL+1, 0) to get
two Temperleyan polyominos (for general bakground on domino tilings, see [Ken00℄). Let γ
be the random path going from (−nL, 0) to (nL + 1, 0), arising from the superposed uniform
domino tilings on the two polyominos. Let w be a point of the strip {z : 0 < ℑz < 1}, and
wn an integral approximation of 2nw in Rn,L.
Proposition 2.
The following limit holds:
lim
L→∞
lim
n→∞
PRn,L(wn lies above γ) = ℑz
Proof. We use a similar argument to the one given in [Ken97℄, 4.7. Let R1, R2 be the two
polyominos, and h1, h2 the height funtions assoiated with the two polyominos (these random
integer-valued funtions are dened up to a onstant). It is easily seen that one may hoose
h1, h2 so that h = h1 − h2 = 0 on the bottom side, and h = 4 on the three other sides. Let x
be an inner lattie point. Then:
E(h(x)) = 4P(x lies above γ)
Indeed, ondition on the union of the two dominos tilings. This union onsists of the path γ,
doubled dominos and disjoint yles. Then x is separated from the bottom side by a ertain
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number of losed yles, and possibly γ. Conditionally on the union, eah losed yle aounts
for ±4 with equal probability in h(x). Moreover, rossing γ from below inreases h by 4. This
yields the formula.
As n goes to innity, the average height funtions onverge to harmoni funtions ([Ken00℄,
Theorem 23). Then take the limit as L goes to innity to onlude (one may map any nite
retangle RL to the whole slit, xing a given point x; the boundary onditions onverge to the
appropriate onditions, one onludes with Poisson's formula).
7 SLE(κ, ρ) proesses and general triangles
In this setion we quikly disuss how any triangle may be assoiated with a ertain SLE
proess, in the same way as isosele triangles were assoiated with SLEκ proesses.
7.1 SLE(κ, ρ) proesses
Let us briey desribe SLE(κ, ρ) proesses, dened in [LSW02b℄. Let (Wt, Ot)t≥0 be a two-
dimensional semimartingale satisfying the following SDEs:{
dWt =
√
κdBt +
ρ
Wt−Otdt
dOt =
2
Ot−Wtdt
(1)
where B is a standard Brownian motion, as well as the inequalityWt ≤ Ot valid for all positive
times (the onvention here diers from the one in [LSW02b℄). This proess is well dened for
κ > 0, ρ > −2. Indeed, one may onsider Zt = Ot −Wt. The proess (Zt/
√
κ)t≥0 is a Bessel
proess in dimension d = 1 + 2ρ+2
κ
. Suh proesses are well dened semimartingales if d > 1,
or ρ > −2 (see for instane [RevYor94℄). Then Ot = 2
∫ t
0
du
Zu
and Wt = Ot − Zt.
Hene one may dene a SLE(κ, ρ) as a stohasti Loewner hain the driving proess of
whih has the law of the proess (Wt) dened above. The starting point (or rather state) of
the proess is a ouple (w, o) with w ≤ o, usually set to (0, 0+). Then Ot represents the image
under the onformal mapping gt of the rightmost point of ∂Kt ∪O0. Obviously, for ρ = 0, one
reovers a standard SLE(κ) proess.
Proposition 3. Let (Wt, Ot) be the driving proess of a SLE(κ, ρ) proess starting from (0, 1),
and (gt) be the assoiated onformal equivalenes. Let z ∈ H. Then if F is any analyti funtion
on H, the omplex-valued semimartingale
t 7→ F
(
gt(z)−Wt
Ot −Wt
)
is a loal martingale if and only if:
F ′(z) ∝ z− 4κ (1− z)2 ρ−κ+4κ .
The proof is routine and is omitted. One again, the onformal mapping F may be identied
using the Shwarz-Christoel formula.
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7.2 A partiular ase
In [Sh01℄, Shramm derives expressions of the form
P(z ∈ H lies to the left of γ) = Fκ(arg z)
where γ is the trae of a SLE(κ) proess, for κ ≤ 4. The funtion Fκ involves hypergeometri
funtions, and Fκ(x) ∝ x i κ = 4 (in this ase F ◦arg is a harmoni funtion). Now it is easily
seen that for any κ > 0, ρ > −2, if δ designates the right boundary of a SLE(κ, ρ) proess
starting from (0, 0+), then a simple onsequene of saling is the existene of a funtion Fκ,ρ
suh that:
P(z ∈ H lies to the left of δ) = Fκ,ρ(arg z)
Moreover, this funtion is not identially zero if ρ ≥ κ/2 − 2. This motivates the following
result:
Proposition 4. Let κ > 4, ρ = κ
2
− 2. Then:
P(z ∈ H lies to the left of δ) = arg z/pi
Proof. Lying to the left of the right boundary of the hull is the same thing as being absorbed
if κ > 4. Let (Wt, Ot) be the driving mehanism of the SLE(κ,
κ
2
− 2), and let zt = gt(z).
Suppose for now that the starting state of the SLE is (W0, O0) = (0, 1). Let h : H → C be a
holomorphi funtion. We have seen that a neessary and suient ondition for h( zt−Wt
Ot−Wt ) to
be a (C-valued) loal martingale is the holomorphi dierential equation:
h′′(z)
h′(z)
= −4
κ
1
z
− 2ρ− κ + 4
κ
1
1− z
or h(z) ∝ z− 4κ (1 − z)2 ρ−κ+4κ . In the ase ρ = κ/2 − 2, using the Shwarz-Christoel formula
(see [Ahl79℄), one sees that h is (up to a onstant fator) the onformal equivalene between
(H, 0, 1,∞) and (D, 0, 1,∞), where D is the degenerate triangle dened by:
D = {z ∈ H : arg(z) ≤ pi(1− 4/κ), arg(z − 1) ≥ pi(1− 4/κ)}
Let ϕ(z) = ℜz − cotan(pi(1− 4/κ))ℑz. Then the image of D under this R-linear form is [0, 1].
Hene ϕ◦h( zt−Wt
Ot−Wt ) is a bounded martingale. Moreover, standard onvergene arguments imply
that
zt−Wt
Ot−Wt goes to 0 in nite time if z is absorbed and to 1 in innite time in the other ase.
A straightforward appliation of the optional stopping theorem yields:
P(z ∈ H lies to the right of δ) = ϕ
(∫ z
0
w−
4
κ (1− w) 4κ−1dw
)
/B(1− 4/κ, 4/κ)
Taking the asymptotis of this formula when z = r expiθ goes to innity with onstant argument
(making use of B(1−x, x) = pi/ sin(pix)), one nds that for a SLE(κ, κ
2
−2) starting from (0, 0+)
:
P(z ∈ H lies to the right of δ) = 1− arg z/pi
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In other words, Fκ,κ/2−2 = F4 for all κ ≥ 4. This raises several questions, suh as whether
this still holds for κ < 4, or whether in full generality Fκ,ρ = F2κ/(ρ+2), this last onjeture being
based on the dimension of the Bessel proess (Ot −Wt), where (Wt, Ot) designates the driving
proess of a SLE(κ, ρ) proess.
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